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INTERMEDIATE HANKEL OPERATORS ON THE FOCK SPACE
OLIVIA CONSTANTIN
Abstract. We construct a natural sequence of middle Hankel operators on the Fock
space, i.e. operators which are intermediate between the small and big Hankel operators.
These operators are connected with the minimal L2-norm solution operator to ∂¯N as well
as to the polyanalytic Fock spaces.
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1. Introduction
We denote by L2(µm) the space of square integrable functions in C with respect to the
measure dµm(z) :=
1
pi
e−m|z|
2
dA(z), where m > 0 and A denotes the Lebesgue area measure
in C. The classical Fock space Fm is given by
Fm =
{
f entire :
∫
C
|f(z)|2 dµm(z) <∞
}
,
For an entire function g such that zng ∈ L2(µm) (n ∈ N), the big and small Hankel
operators with symbol g¯ are densely defined on Fm by
Hg¯f = (I − P )(g¯f) , hg¯f = Q(g¯f) ,
where f is an analytic polynomial, and P andQ are the orthogonal projections from L2(µm)
onto Fm, respectively onto F0m = {f¯ : f ∈ Fm, f(0) = 0}.
Given a closed subspace Y of L2(µm) such that F0m ⊂ Y ⊂ (Fm)
⊥, we define the middle,
or intermediate, Hankel operator with symbol g¯ by
HYg¯ f = PY (g¯f) ,
where f is an analytic polynomial, and PY is the orthogonal projection from L
2(µm) onto
Y . Notice that, for polynomials f , the following holds
‖hg¯f‖L2(µm) ≤ ‖H
Y
g¯ f‖L2(µm) ≤ ‖Hg¯f‖L2(µm)
Middle Hankel operators on Bergman spaces were considered by Jansson and Rochberg
[11], as well as by Peng, Rochberg and Wu [10], where interesting properties regarding
Schatten classes were studied. There is one notable difference between the behaviour of
such operators on Bergman and Fock spaces. Namely, in the Bergman setting the big
Hankel operator is bounded if and only if the little Hankel operator is bounded, if and
only if the complex conjugate of the symbol belongs to the Bloch space. This makes the
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characterisation of the boundedness of middle Hankel operators on Bergman spaces trivial.
On the Fock space, however, there is a big gap between the class of symbols generating
bounded big Hankel operators (which is the space of polynomials of degree one) and that
generating bounded little Hankel operators (which is the space of the entire functions f
such that |f(z)| . em|z|
2/4). This makes the study of middle Hankel operators on Fock
spaces of interest. In this paper we construct in a natural way a sequence of middle Hankel
operators on Fock spaces, (HYNg¯ )N∈N, “increasing" in the sense that F0m ⊂ ...YN+1 ⊂ YN ... ⊂
Y1 = (Fm)
⊥, and such that HYNg¯ is bounded if and only if g is a polynomial of degree less
than or equal to N . The operators we consider are very much related to the minimal
L2(µm)-norm solution operator to the equation
(1) (∂¯)Nu = f
where the above holds in the sense of distributions and f ∈ Fm. It is easy to see that, for
any polynomial f , the function z¯
N
N !
f solves (1) and hence the solution of minimal norm is
given by
(2) u = (I − PFN,m)(
z¯N
N !
f) ,
where FN,m is the kernel of (∂¯)N in L2(µm), that is, the Fock space of polyanalytic functions
of order N , equivalently
(3) FN,m = span{z¯jzk : 0 ≤ j ≤ N − 1 , k ∈ N}
L2(µm)
.
Obviously F 1,m = Fm. Polyanalytic Fock spaces and kernels appear naturally in time-
frequency analysis as well as in the mathematical analysis of Landau levels [1, 2, 6, 12].
The connections between big Hankel operators and the minimal norm solution operator to
∂¯ (i.e. the case N = 1) were previously exploited in [9, 7, 4].
Inspired by (2), we introduce the following operator
H˜Ng¯ f = (I − PFN,m)(g¯f) ,
where f is an analytic polynomial. For N = 1 we recover the big Hankel operator with
symbol g¯, which was studied in [3] in several complex variables. The case N = 2 was
treated in [8] for monomial symbols. Regarding the boundedness and compactness of H˜Ng¯
we prove the following
Theorem 1. Let g be an entire function such that zng ∈ L2(µm) for all n ∈ N. Then H˜
N
g¯
extends to a bounded operator on Fm if and only if g is a polynomial of degree at most N .
Moreover, H˜Ng¯ is compact if and only if g is a polynomial of degree strictly smaller than
N , that is, if and only if H˜Ng¯ is the zero operator.
In particular, the above theorem shows that the minimal norm solution operator to (∂¯)N
is (bounded but) not compact.
Since F0m 6⊂ (F
N,m)⊥, the operator H˜Ng¯ is not a middle Hankel operator, however it
differs by a finite rank operator from the middle Hankel operator
HYNg¯ (f) = (I − PSN,m)(g¯f) ,
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where
SN,m := span{z¯jzk : 0 ≤ j ≤ N − 1 , k ≥ j, k ∈ N}
L2(µm)
,
and YN = (S
N,m)⊥. It is easy to see that
F0m ⊂ ... ⊂ YN+1 ⊂ YN ⊂ ... Y1 = (Fm)
⊥
and hence the operators HYNg¯ (N ≥ 1) are middle Hankel operators. Also, since z
ng ∈
L2(µm) (n ∈ N), the difference (H
YN
g¯ − H˜
N
g¯ )(f) = Pspan{z¯jzk: 0≤k<j, 0≤j≤N−1}(g¯f) has finite
rank. In particular, it follows that HYNg¯ is bounded (compact) if and only if H˜
N
g¯ is bounded
(compact), and hence we get
Corollary 1. Let g be an entire function such that zng ∈ L2(µm) for all n ∈ N. Then
HYNg¯ extends to a bounded operator on Fm if and only if g is a polynomial of degree smaller
than or equal to N . Moreover, HYNg¯ is compact if and only if g is a polynomial of degree
smaller than N .
Notice that, unlike H˜Ng¯ , the operator H
YN
g¯ is not identically zero if g is a non-constant
polynomial of degree smaller than N .
2. Proof of the main result
Theorem 1 will follow from the characterization of the boundedness and compactness of
H˜Nz¯s for s ∈ N. To this end, we begin by explicitly computing the projection on F
N,m of
the monomials z¯szn, for s, n ∈ N. An orthonormal basis of FN,m (see e.g. [6]) is given by
e1i,r(z) :=
√
r!
(r+i)!
m(i+1)/2ziLir(m|z|
2) , i ≥ 0 , 0 ≤ r ≤ N − 1 ,
e2j,k(z) :=
√
j!
(j+k)!
m(k+1)/2z¯kLkj (m|z|
2) , 0 ≤ j ≤ N − k − 1 , 1 ≤ k ≤ N − 1 ,
where Lαk (x) :=
∑k
i=0(−1)
i
(
k+α
k−i
)
xi
i!
are the generalized Laguerre polynomials. For N = 1
we obtain the standard orthonormal basis of Fm: en(z) := e
1
n,0(z) =
m(n+1)/2√
n!
zn, n ≥ 0.
Proposition 1. For s, n ∈ N we have
PFN,m(z¯
szn) =


N−1∑
r=0
r!
(r + n− s)!
m−sIn,r,(n−s)L
n−s
r (m|z|
2)zn−s if n ≥ s ,
N+n−s−1∑
j=0
j!
(j + s− n)!
m−nIs,j,(s−n)L
s−n
j (m|z|
2)z¯s−n if s > n ≥ s−N + 1 ,
0 otherwise ,
where Ia,b,c =
∫∞
0
yaLcb(y)e
−y dy for a, b, c ∈ N.
Proof. The result follows by using polar coordinates in
PFN,m(z¯
szn) =
N−1∑
r=0
∞∑
i=0
〈w¯swn, e1i,r〉e
1
i,r(z)+
N−1∑
k=1
N−k−1∑
j=0
〈w¯swn, e2j,k〉e
2
j,k(z) . 
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Theorem 2. Let s ∈ N. Then H˜Nz¯s extends to a bounded operator from Fm to L
2(µm) if
and only of s ≤ N . Moreover, H˜Nz¯s is compact if and only if it is the zero operator.
Proof. We first notice that H˜Nz¯s = 0 for s < N since in this case z¯
sf ∈ FN,m for any
analytic polynomial f . We therefore assume that s ≥ N . Using Proposition 1, a simple
calculation involving polar coordinates shows that for any p, n ∈ N with p 6= n we have
〈H˜Nz¯sep, H˜
N
z¯sen〉 = 0 . Let us now evaluate
〈H˜Nz¯sen, H˜
N
z¯sen〉 =
mn+1
n!
{
〈z¯szn, z¯szn〉 − 〈z¯szn, PFN,m(z¯
szn)〉
}
=
(n+ s)!
n!ms
−
mn+1
n!
〈z¯szn, PFN,m(z¯
szn)〉 .(4)
In view of Proposition 1 we have
mn+1
n!
〈z¯szn, PFN,m(z¯
szn)〉 =
mn−s+1
n!
N−1∑
r=0
r!
(r + n− s)!
In,r,n−s 〈z¯szn, Ln−sr (m|z|
2)zn−s〉
=
m−s
n!
N−1∑
r=0
r!
(r + n− s)!
(In,r,n−s)2 .(5)
Now
In,r,n−s =
∫ ∞
0
ynLn−sr (y) e
−ydy =
r∑
i=0
(−1)i
i!
(
r + n− s
r − i
)∫ ∞
0
yn+ie−y dy
=
r∑
i=0
(−1)i
(
r + n− s
r − i
)
(n+ i)!
i!
=
s!(r + n− s)!
r!
r∑
i=0
(−1)i
(
r
i
)(
n+ i
s
)
=
s!(r + n− s)!
r!
(−1)r
(
n
s− r
)
by the combinatorial identity (see relation (3.47) on page 27 in [5])
r∑
i=0
(−1)i
(
r
i
)(
n+ i
s
)
= (−1)r
(
n
s− r
)
.
Replacing In,r,n−s by the above expression in relation (5) yields
mn+1
n!
〈z¯szn, PFN,m(z¯
szn)〉 =
1
n!ms
N−1∑
r=0
r!
(r + n− s)!
[(r + n− s)!
r!
]2
(s!)2
[(
n
s− r
)]2
=
s!
ms
N−1∑
r=0
(
n
s− r
)(
s
r
)
.
Returning to (4) we now deduce that
‖H˜Nz¯sen‖
2 =
s!
ms
{(n+ s)!
n!s!
−
N−1∑
r=0
(
n
s− r
)(
s
r
)}
.
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In view of the combinatorial identity
s∑
r=0
(
n
s−r
)(
s
r
)
=
(
n+s
s
)
, for s = N we get
‖H˜Nz¯sen‖
2 =
s!
ms
for any n ≥ s ,
so that H˜Nz¯s is bounded. If s > N we obtain
‖H˜Nz¯sen‖
2 =
s!
ms
{(
n + s
s
)
−
(
n+ s
s
)
+
s∑
r=N
(
n
s− r
)(
s
r
)}
=
s!
ms
s∑
r=N
(
n
s− r
)(
s
r
)
which is a polynomial of degree s−N in ‘n’. Thus H˜Nz¯s is unbounded for s > N . 
Proof of Theorem 1. The result for general symbols now follows from Theorem 2 by an
adaptation of the approach in Lemmas 5.3-5 from [3] to our context. 
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